Abstract. The goal of this work is to extend the concepts of generalized Lelong number of positive currents investigated by Skoda, Demailly and Ghiloufi in complex analysis, to positive supercurrents on the real superspace. We generalize then a result of Lagerberg when the super current is closed as well as a very recent result of Berndtsson for minimal supercurrents associated to submanifolds of R n . The main tool is a variant of the well-known Lelong-Jensen formula in the superformalism case. Moreover, we extend to our setting various interesting theorems in complex analysis as Demailly and Rashkovskii comparison theorems. Finally, we complete the work begun by Lagerberg on the degree and the direct image of positive closed supercurrents.
Introduction
In complex analysis, Lelong numbers of positive closed currents, as generalized by Demailly, have an interesting applications in many domains as complex analytic and algebraic theory, and number theory. Roughly speaking, Lelong numbers can be seen as a generalization of multiplicity of analytic set at a singular point, to positive closed currents. This concepts has extended by many authors for an important class of currents by replacing the closedness property by a plurisubharmonicity one. The main tool for the existence of Lelong numbers is Lelong-Jensen formula which becomes also useful in studying the growth at infinity of positive currents. In [8] , Lagerberg has introduced a notion of positive closed supercurrents on finite dimentional real vector spaces. By a strong connection with the complex setting, he succeded to prove the existence of Lelong numbers and he studied some others notions as the direct image and the degree of positive supercurrents. The important fact in this work appears when investigating the definition of the associated Monge-Ampère operator for convex functions. Indeed, there is a good link between the class of positive closed supercurrents and the tropical geometry. Recently, Berndtsson [2] has obtained many interesting results in the superformalism setting by establishing a link between positive supercurrents and minimal submanifolds of R n . Furthermore, he gave a variants of some well-known results in complex analysis concerning the class of currents, namely the famous theorem of El-Mir on the extension of positive closed current across complete pluripolar sets. Very recently, by using the concepts of m-positivity in the complex hessian theory, Şahin [11] has introduced the notions of m-positivity in this superformalism. In this paper, we begin by a refinement on the m-pluripotential study given in [11] by getting a relationship with the real hessian theory investigated by Trundinger and Wang [14] . Next, we introduce the class of convex positive supercurrents similarly as the class of plurisubharmonic positive currents in complex analysis and we mostly concerned with the behaviour of such supercurrents in a neighborhood of a point or at the infinity. After proving the existence of the Lelong number of positive supercurrents in several cases, we prove many related properties. Namely, Demailly comparison theorem in the local situation and the comparison Rashkovskii theorem at the infinity. Moreover, we establish some effective bounds for the masses of the supercurrents and for the generalized degree with respect to convex weights. Beside the introduction the paper has four sections. In section 2 we give the necessary notations and preliminaries on the superformalism theory from Lagerberg [8] . Section 3, is reserved to a discussion on the concepts of m-positivity and m-convexity as presented by Şahin [11] . We also deal with the definition and the continuity It follows that if α ∈ E p,p , then, α is symmetric if and only if J(α) = (−1) p α. Similarly as the complex setting, we introduce three notions of positivity on E p,p . Let us consider ω = 1 2 dd # |x| 2 = n i=1 dx i ∧dξ i ∈ E 1,1 . It is not hard to see that ω n := 1 n! ω n = dx 1 ∧dξ 1 ∧...∧dx n ∧dξ n . Following [8] , a superform ϕ ∈ E n,n is said positive (ϕ ≥ 0) if ϕ = g.ω n , where g is a positive function. Let ϕ ∈ E p,p , be symmetric. we say that ϕ is :
(1) weakly positive if ϕ ∧ α 1 ∧ J(α 1 ) ∧ ... ∧ α n−p ∧ J(α n−p ) ≥ 0, ∀α 1 , ..., α n−p ∈ E 1,0 .
(2) positive if ϕ ∧ σ n−p α ∧ J(α) ≥ 0, ∀α ∈ E n−p,0 , σ k = (−1) Assume that α ∈ E n,n , there exists a function α 0 defined on V such that α = α 0 dx 1 ∧ ... ∧ dx n ∧ dξ 1 ∧ ... ∧ dξ n . According to [8] , when an orientation on V is chosen and α 0 is integrable, the integral of α is defined by setting 
in this situation we can present a Stokes formula as follow: Assume that Ω ⊂ V is a smooth open bounded subset and let α ∈ E n−1,n . Then,
Denote by D p,q := D p,q (E) = {α ∈ E p,q ; α is compactly supported in E} which his topology can be defined by means of the inductive limit. We introduce the space of supercurrents of bidegree (p, q) as the topological dual of D n−p,n−q , noted D p,q . This means that a supercurrent T of bidegree (p, q) is nothing but a continuous linear form on D n−p,n−q . More precisely, T is a superform of bidegree (p, q) which has distributions coefficients depending only on x. That is
where T IJ are distributions defined uniquely. For any α ∈ D n−p,n−q , denote by T, α or T (α) the action of T on α. A supercurrent T is closed if dT = 0 and is d # -closed if d # T = 0. It is not hard to see that a symmetric supercurrent T of bidegree (p, p), is closed if and only if T is d # -closed. Assume that ρ is a smooth radial function which supported in the unit ball and such that ρ(
it is clear that the family {T * ρ ǫ } ǫ ⊂ E p,q is weakly convergent to T when ǫ → 0. Assume that T is symmetric and of bidegree (p, p) then in analogy to the concepts of positivity in the complex context, then T is :
(1) weakly positive if T, α 0 for any α ∈ D n−p,n−p strongly positive.
0 for any α ∈ D n−p,n−p weakly positive. For K ⋐ R n and T is a current of order zero, we define the mass of T by T K = IJ |T IJ |(K), where T IJ are the coefficients of T . Thanks to proposition 4.1 in [8] , the mass of a positive current T of bidimension (p, p) on K is proportional to the positive measure T ∧ ω p (K). According to [8] , we have the following dd # -lemma : Assume that T ∈ D 1,1 is positive and closed then there exists a convex function f : V −→ R such that T = dd # f . For the sake of simplicity, in the rest of this paper we consider two copy of R n , i.e, V = W = R n and we say form instead of superform and current instead of supercurrent.
3. m-positivity and Superhessian operator 3.1. m-positivity. Building on the work of Douib-Elkhadhra [6] on the m-complex pluripotential theory, Şahin [11] has introduced recently the following notions of m-positivity in the superformalism context :
(1) A symmetric superform α of bidegree (1, 1) is said m-positive if at every point we have α j ∧ ω n−j 0, ∀j = 1, ..., m. Observe that this notion of m-positivity coincides with the one given by [8] in the border case m = n. This is not the case if m < n. Indeed, a simple computation proves that in R 3 × R 3 , the 3 , is 2-positive but not positive. On the other hand it is clear that every strongly positive current is then m-positive. Now let us collect some basic facts about m-convex functions due to [11] :
(1) If u is of class C 2 then u is m-convex if and only if dd # u is m-positive supercurrent.
If u is m-convex then the standard regularization u j = u ⋆ χ j is smooth and m-convex. Moreover, (u j ) j decreases pointwise to u.
As an immediate consequence of the first statement, we see that if u is of class C 2 then u is m-convex if and only if, (dd # u) k ∧ ω n−k is positive for k = 1, · · · , m. However, it is not difficult to show that
where
is the well-known k-hessian operator which was studied extensively by Trundinger and Wang [14] and D 2 u k denotes the sum of its k×k principal minors of the hessian matrix of u. Consequently, u is m-convex, is equivalently saying that
This coincides with the definition of u to be m-convex in the sense of Trundinger and Wang [14] . It is a clear raison why we use the terminology of m-convex instead of m-subharmonic used by Şahin [11] . In what follow, we give an important example of a well-known m-convex function which is fundamental in the real hessian theory (see [14] and [15] ) and will be used later in theorem 2. 
It is easy to see that (γ ∧ γ # ) 2 = 0, therefore, for s = 1, ..., m, we have
Now, for x = 0 and m = n 2 , a straightforward computation gives
Thus, for s = 1, ..., m, we obtain
This leads to the conclusion that ϕ m is m-convex.
Superhessian operator.
Similarly as in the theory of complex hessian operator, our purpose here is to define the wedge product dd # u ∧ T ∧ ω n−m , where u and T are not necessarily smooth. Let T be a closed m-positive current of bidimension (p, p), m + p n, and let u be a locally bounded m-convex function. Since T ∧ ω n−m is positive and u is locally bounded, then by [8] the current uT ∧ ω n−m has measure coefficients. Hence, we set
Moreover, this current is positive and closed. Indeed, the result is clear when u smooth. In general, we consider a family of regularization kernels (ρ 1
is smooth and m-convex and the sequence of currents u k T ∧ ω n−m converges weakly to uT ∧ ω n−m . We deduce that dd # (u k T ∧ ω n−m ) converges to dd # (uT ∧ ω n−m ) as currents. So, the positivity of dd # u ∧ T ∧ ω n−m , is a consequence of the one of dd # u k ∧ T ∧ ω n−m . More generally, assume that u 1 , ..., u q are m-convex locally bounded functions on R n , q p + m − n, we define by induction the following positive closed current of bidimension (p + m − n − q, p + m − n − q) :
It should be noted here that when m = n, such definition has justified in [8] as the unique adherent point of a family {dd # u
which is locally uniformly bounded in masses, where the function u j k are smooth and convex and converges locally uniformly to u k . Recently, when m < n, the same inductively definition was presented by Şahin [11] in the particular cases either the m-convex functions u j are continuous or the functions are locally bounded and T is a tropical variety of dimension p. This means that
where f j are tropical polynomials and V f j are the corresponding tropical hypersurfaces. By using a technics which goes back to Demailly in the complex theory, we obtain the following proposition which improves a result of [8] in the particular cases m = n, T k = T and u k j are smooth and convex as well as a very recently result of [11] , when T k = T and u k j is the usual regularization of u j . Proposition 2. Assume that u k 1 , ..., u k q are sequences of m-convex function which converge locally uniformly respectively to continuous m-convex functions u 1 , ..., u q . Assume that T k , T are mpositive closed currents of bidimension (p, p), m + p > n, such that T k ∧ ω n−m converges weakly to T ∧ ω n−m . Then, in the sense of currents we have :
(
Proof. Thanks to the weak continuity of dd # , it is clear that (2) is a direct consequence of (1), then it suffices to prove (1). We proceed by induction on q. If q = 1, let u k be a sequence of mconvex functions which converges uniformly on each compact subset to a continuous m-convex function u. Firstly, we consider a smooth regularization u ε = u * ρ ε of u, and for simplicity of the proof setting R = T ∧ ω n−m and R k = T k ∧ ω n−m . Then we have :
Since R k is positive and converges weakly to the positive current R, then by proposition 4.1 [8] the currents R k , R are locally uniformly bounded in masses. So,
It follows that (u k −u)R k converges to 0 when k → +∞. The same argument gives that (u−u ε )R k and (u ε −u)R converge to 0 when ε → 0. Next, since u ε is smooth, we have u ε (R k −R) converges to 0 when k → +∞. Consequently, we have proved that u k R k converges weakly to uR. Now assume that q 1 and suppose that the property (1) is satisfied for q, and we are going to prove it for q + 1. Let u k q+1 be a sequence of m-convex functions which converges locally uniformly to a continuous m-convex function u q+1 . We have u k
Before terminating this section we state the following comments :
(1) Concerning the potential theoretic aspects in the superformalism setting, let us recall that to each m-positive closed current T of bidegree (p, p) on an open subset Ω ⋐ R n , we can associate a capacity in a way similar to the capacity defined recently by Şahin [11] and the one investigated by Dhouib-Elkhadhra [6] in the complex hessian theory. To be more precise, if K ⊂ Ω is compact, we define the m-capacity of K relatively to T by :
and for every subset
is a tropical variety, we recover the capacity of Şahin [11] . Also, cap m,T can be viewed as a version of the capacity introduced by [6] in the complex hessian theory. By going back to the comment before example 1, especially, for the trivial current T = 1, we get the so-called m-hessian capacity defined by Trudinger and Wang [14] . Such capacity shares the same properties as the preceding capacities. Furthermore, by an adaptation of the study given by [6] in the complex hessian theory, we can prove the quasicontinuity of each locally bounded m-convex function with respect to cap m,T . This crucial property leads to relaxing the continuity condition of the functions u j , this means that proposition 2 remains valid when the functions are locally bounded and T k = T (see the proof of theorem 4.1 in [11] ). We leave the reader consider by himself this more general situation. 
Lelong-Jensen formula and Demailly-Lelong numbers
Analogously with the complex theory of positive currents, our goal in this section is to prove the existence of Lelong numbers of positive currents in the superformalism setting. For this aim, we let ourselves be inspired by the complex setting. Indeed, we follow the method of Lelong in the closed case, which has generalized by Demailly [4] and Skoda [12] for the plurisubharmonic case and by Benali-Ghiloufi [1] in the complex hessian theory.
4.1. Lelong-Jensen formula. By following the proofs of Demailly [4] and Skoda [12] we are going to prove a version of Lelong-Jensen formula in our situation. Assume that ϕ is a C 2 positive function on R n . For all real numbers r > 0 and r 2 > r 1 > 0, setting : B(r) = {x ∈ R n ; ϕ(x) < r}, S(r) = {x ∈ R n ; ϕ(x) = r} and B(r 1 , r 2 ) = {x ∈ R n ; r 1 < ϕ(x) < r 2 }.
Denote also by :
on the open set {ϕ > 0} and
A simple computations gives :
With this notations, we prove the following proposition :
Proposition 3. Assume that T is a current of bidimension (p, p) on R n × R n , such that T and dd # T are symmetrical and have measure coefficients. For every r 2 > r 1 > 0, we have the following formula : 1
When T is a closed positive current, ϕ = |x| 2 and B r = {x ∈ R n , |x| < r}, we recover the next formula due to Lagerberg [8] :
For the proof of proposition 3 we need the following lemma :
Proof. By going back to the definition of the operators d and d # , we has
Proof of proposition 3. Assume firstly that T is of class C ∞ . Thanks to Stokes theorem, we have
Let j t : S(t) ֒→ R n . Since j * t dϕ = 0 and by (4.1), we get
By applying lemma 1 for ψ = ϕ 1 2 and γ = T ∧ α p−1 , the Fubini and Stokes theorems give
On the other hand, by applying twice Stokes theorem, we obtain
In virtue of lemma 1 for ψ = ϕ and γ = T ∧ β p−1 , again the Fubini and Stokes theorem yield 1
Now, take s = r 2 and s = r 1 and replace in the preceding equation, then split the integral from 0 to r 2 into a sum of two integrals one from 0 to r 1 and the other from r 1 to r 2 , we obtain the desired formula. Suppose that T is of order zero and consider a family of smooth regularized kernels (ρ ε ) ε>0 . Then, T ε = T * ρ ε is a smooth form and converges as currents to T . By applying proposition 3 for the family T * ρ ε and denoting the characteristic function of B(r 1 ) by 1l B(r 1 ) , we get
Because ρ ε * (1l B(r 1 ) β p ) converges pointwise to 1l B(r 1 ) β p for r 1 such that S(r 1 ) is negligible with respect to the masses of the currents T and dd # T . We use the same argument for r 2 and t.
Definition 1. A current T of bidimension (p, p) on R n × R n is said convex if dd # T is a positive current. We say that T is concave if −T is convex, in other wards the current dd # T is negative.
Example 2. Every convex function u define a convex current of degree zero. More generally, if T is a positive closed current and u is a convex function, then the current uT is convex. Another interesting example of a current T which is convex and concave at the same time is the so called minimal supercurrent (i.e, T is positive and T ∧ β p−1 is closed) defined and studied very recently by Berndtsson [2] .
As a consequence of the proof of proposition 3, we obtain the following analogous formula due to Demailly [4] in the complex theory : Corollary 1. With the same hypothesis as in proposition 3, for every r 2 > r 1 > 0 we have the following formula :
Furthermore, if ϕ 1 2 is convex, T is positive and T ∧ β p−1 is convex, then the map
is increases.
Particular case: For ϕ = |x| 2 and by (4.1), for x ∈ R n {0}, we have
And,
.. ∧ dx n ∧ dξ n and similarly for dx i and dξ i . Therefore, if T = f is a positive function such that ∆f is a measure, then since
the equality of corollary 1 becomes :
f dσ,
In particular, when ∆f is positive, the map r → 1 r n S(r) f dσ is increases and convex in log r. By considering open subsets of C n ≡ R 2n , this fact was observed by Demailly [4] .
Demailly-Lelong numbers.
Definition 2. Let ϕ be a function as in the previous section and T be a current of bidimension (p, p) on R n × R n . We define the Lelong number of T relatively to the weight ϕ by
where, ν T (ϕ, r) = 1
Theorem 1. Let T be a positive current of bidimension (p, p) on R n ×R n and ϕ be a C 2 positive function on R n such that ϕ 1 2 and T ∧ β p−1 are convex. Then the map
is positive and increases. In particular, the Lelong number of T relatively to the weight ϕ exists.
This theorem is similar to a result obtained by [12] in the complex setting.
Proof. Since ϕ 1 2 is convex, ϕ is also convex. Both the positivity of T and the convexity of T ∧ β p−1 implies that the measures T ∧ α p , T ∧ β p and dd # T ∧ β p−1 are positive. According to proposition 3, it is clear that the map r −→ ν T (ϕ, r) is positive and increases.
Corollary 2. Assume that ϕ = |x| 2 and B r = {x ∈ R n , |x| < r}. Then, for every positive current T of bidimension (p, p) on R n × R n such that T ∧ β p−1 is convex, the positive function
is increases with respect to r. In particular, the limit
exists and called Lelong number of the current T in 0, noted by ν T (0).
This result generalizes the existence of Lelong numbers in the case where T is a positive closed current proved by [8] . Moreover, Berndtsson [2] proved corollary 2 in the particular case where T is a minimal supercurrent. In the complex setting, this corollary is a variant of the well-known result for positive plurisubharmonic currents (see Demailly [4] and Skoda [12] ). Next, we give a version of a result recently obtained by Benali-Ghiloufi [1] in the complex hessian theory, which can be viewed as a generalization of corollary 2.
Theorem 2. Let ϕ and B r as in corollary 2. Assume that T is an m-positive current of bidimension (p, p) such that T ∧ β p−1 is convex. Then, the limit
exists and will be called the m-Lelong number of T at 0.
Remark 2.
(1) As a special case when T = dd # u, for u is m-convex function, we recover the definition given by [15] (modulo a constant). Notice here that such definition depends on m, otherwise, it requires an addition condition that u must be not (m + 1)-convex. and log |x| otherwise in our setting. Next, by following almost verbatim the proof of proposition 2 in [1] and by using lemma 1, we can formulate a variant of the Lelong-Jensen formula similar to that given in proposition 2 in [1] . Finally, it is not hard to see that such formula leads to the following conclusion :
is increases with respect to r.
Theorem 2 fails when the current T ∧ β p−1 is concave. Indeed, let T = −ϕ m (dd # ϕ m ) m−1 . Then, regarding example 1, it is clear that T is an m-positive current (T has locally integrable coefficients) of bidimension (n − m + 1, n − m + 1) and the current T ∧ β n−m+1 is concave. Again thanks to example 1, a simple conputation gives that r −n m Br×R n T ∧ β n−m+1 = c n r −n m , for some constant c n > 0. This means that the m-Lelong number of T at the origin does not exists. However, results similar to theorem 1 and theorem 2, when T is positive and T ∧ β p−1 is concave, require further conditions. In this direction, we prove : Theorem 3. Let T be a positive current of bidimension (p, p) on R n ×R n and ϕ be a C 2 positive function on R n such that ϕ is integrable in a neighborhood of 0, then the Lelong number of T relatively to the weight ϕ exists.
Theorem 3 is a version in our setting of a result obtained by [7] for the negative plurisubharmonic currents in the complex theory. Moreover, as an immediate consequence of proposition 3, if ϕ and T as in theorem 1, then the intgrability assumption in theorem 3 is clearly satisfied.
Proof. Let r > 0, and setting
By the integrability condition of r →
in a neighborhood of 0, the function Λ T is well defined and positive on R + . Moreover,
On the other hand, we go back to proposition 3 and for every r 2 > r 1 > 0, we get
Therefore, Λ T is an increasing function on R + . Hence, lim Denote by H s the p-dimentional Hausdorff measure and by Supp T the support of a current T . The next result is elementary in the complex setting. By using an integration by part, proposition 3.2 in [8] and corollary 2, we obtain the following analogue.
Proposition 4. Let T be a positive current of bidimension (p, p), p 1 and let ϕ = |x| 2 (1) If T ∧ β p−1 is convex or concave with compact support, then T = 0.
(2) Assume that T ∧β p−1 is convex and let K be a compact subset of R n . If H p (K∩Supp T ) = 0, then T K = 0.
Note that the last proposition improves a result of [8] for positive closed currents. On the other hand, the hypothesis p 1 is necessary. Indeed, the current (dd # |x|) n is positive closed of bidimension (0, 0), which is supported by {0}, but (dd # |x|) n = 0.
Proof. (1) Assume that Supp T = L and let χ be a smooth function such that 0 χ 1 and χ = 1 on L, and let A > 0 so that |x| 2 < A on L. Then, when dd # T ∧ β p−1 0, an integration by part yields
It follows by [8] 
It follows that
and therefore, we obtain T K = 0 when we tends ε → 0.
Note that the current (dd # |x|) n is positive closed of bidimension (0, 0) on R n × R n and which supported by {0}, but (dd # |x|) n = 0.
Proposition 5. Let {T k } k be a sequence of positive closed currents of bidimension (p, p) on R n × R n which converges weakly to T . Then, for any C 2 positive function ϕ such that ϕ 1 2 is convex, we have lim sup
Proof. For a fixed real ε > 0 and r > 0, let χ ε be a smooth function such that 0 χ ε 1 and
Since χ ε (dd # ϕ) p is smooth and with compact support and since T k converges as current to T , by proposition 2 for m = n, we have lim sup
The proof was completed by letting ε → 0 and r → 0.
Comparison theorems and degree of positive closed supercurrents
Since the Lelong number relatively to a weight ϕ of a positive current T such that T ∧ β p−1 is convex (or concave) has already defined, a natural question arises : what's the behaviour of ν T (ϕ) near the set ϕ −1 (0) ∩ Supp T . In this section we are concerned with the case when T is positive and closed. We obtain an analogous of the famous comparison theorem of Demailly in the complex setting [5] . More precisely, we have : Theorem 4. Let T be a positive closed current of bidimension (p, p) on R n × R n . Assume that ϕ and ψ are two C 2 positive functions on R n such that ϕ 
By the definition 2, we have ν T (λϕ) = λ p ν T (ϕ), ∀λ > 0. Hence, it suffices to prove that ν T (ψ) ν T (ϕ) when l < 1. For each c > 0, let's consider the positive convex function u c = max(ψ + c, ϕ).
We have l < 1, then there exists t 0 > 0 such that sup
On the other hand, let 0 < a < r < t 0 are fixed. Then for c > 0 small enough, u c = ϕ on ϕ −1 ([a, r]) and by the Stokes formula we obtain ν T (ϕ, r) = ν T (u c , r) ν T (u c ). On the other hand, for any c > 0 there exists r > 0 such that u c = ψ + c on {u c < r} ∩ Supp T . It follows that
Moreover, the equality case obtained by reversing the role of ϕ and ψ and by observing that lim
Theorem 5. Let T be a positive closed current of bidimension (p, p) on R n × R n . Assume that u 1 , ..., u q and v 1 , ..., v q are convex positive functions and ϕ is a C 2 positive function on R n such that ϕ 1 2 is convex. Suppose that u j = 0 on Supp T ∩ ϕ −1 ({0}), and that for any 1 j q,
This theorem is the analogous of the second comparison theorem of Demailly for the Lelong number in the complex case [5] .
Proof. Since dd # λv j = λdd # v j , ∀λ > 0, it suffices to give the proof for l j < 1. Let's consider the positive convex function
We have l j < 1, then there exists t j > 0 such that sup
For every c > 0 we can find r > 0 such that w j,c = v j + 1 c on the set {ϕ < r} ∩ Supp T . This imply that
On the other hand, by proposition 2 for m = n, dd # w 1,c ∧ ... ∧ dd # w q,c ∧ T is a sequence of positive closed currents which converges weakly to dd # u 1 ∧ ... ∧ dd # u q ∧ T when c → +∞. Next, according to proposition 5, we get lim sup
Similarly as the complex context, we consider a particular interesting class of convex functions. It's the class introduced and investigated by [8] , and defined by :
If f is a function in the class L then f increases at most linearly at the infinity.
Definition 3.
(1) Let T be a positive closed current of bidimension (p, p) on R n × R n . We define the degree of T by
(2) We say that a function f is semi-exhaustive on the set E if there exists R such that {f < R} ∩ E ⋐ R n , and it said to be exhaustive if the condition is fulfilled for every R.
Remark 3. Thanks to proposition 3, we observe that δ(T ) < +∞ if and only if there exists a constant C > 0 such that
In the following result, we establish a real version of the comparison theorem of Rashkovskii [10] in the complex setting.
Theorem 6. Assume that T is a positive closed current of bidimension (p, p) on R n × R n and of finite degree. Let u 1 , ..., u p ∈ L , and let v 1 , ..., v p ∈ L are semi-exhaustive on Supp T . Suppose that for every η > 0 and 1 j p, we have l j lim sup u j (x) v j (x) + η|x| as x ∈ Supp T and |x| → +∞.
Proof. It suffices to prove that the condition
By virtue of (5.1), for every C > 0, there exists 0 < α j = α j (C, η, u j , v j ) such that
Setting α = max j (α j ), E(C) = ∩ j E j (C) and
Since w j,C = v j (x) + η|x| − C in a neighborhood of ∂B α ∩ Supp T , we obtain
Observe that for every compact set K of R n , we can find a constant C K > 0 such that K ∩ Supp T ⊂ E(C) for any C > C K . It follows that for R > 0 and C > C R , we have
On the other hand, for every 1 j p, the sequence of convex functions {w j,s } s is decreasing to u j , then by using proposition 2, we get the following weak convergence :
Since δ(T ) < +∞, an adaptation of the proof of proposition 3.10 in [8] yields
Therefore, by arbitrariness of η, we obtain the following inequality
At the end, by letting R → +∞, we get
As an immediate consequence of theorem 6, we obtain :
Corollary 3. Let u 1 , ..., u p and T as in theorem 6, then
where σ(u j ) = lim sup u j (x) |x| as x ∈ Supp T and |x| → +∞, ∀1 j p.
Proof. For every η > 0, we have
Then, by theorem 6, we obtain
Remark 4. Let T be a positive closed current of bidimension (p, p) on R n × R n and of finite degree and let
Definition 4. Let ϕ be a convex function on R n and T is a positive closed current of bidimension (p, p) on R n × R n . We introduce the generalized degree relatively to ϕ by the quantity
In particular, when ϕ = |x|, δ(T, |x|) = δ(T ). In terms of weighted degree, corollary 3 can be generalized as follow :
Corollary 4. Assume that T is a positive closed current of finite degree and of bidimension (p, p) on R n × R n , and let u 1 , ..., u p ∈ L . Then, for every ϕ ∈ L semi-exhaustive on Supp T , we have
where σ(u j , ϕ) = lim sup
as x ∈ Supp T and |x| → 0, ∀1 j p.
Proof. For η > 0, we have
, as x ∈ Supp T and |x| → +∞, ∀1 j p.
Hence, by theorem 6, we obtain
The next result is another form of comparison theorem , which is a version of a result due to Coman and Nivoche [3] in the complex category. Proposition 6. Let T be a positive closed current of bidimension (p, p) on R n × R n , p 1. Let ϕ and ψ be two convex functions on R n such that lim |x|→∞ ϕ(x) = +∞ and 0 < l := lim sup ψ(x) ϕ(x) , as x ∈ Supp T and |x| → +∞, then δ(T, ψ) l p δ(T, ϕ). In particular, if l = lim ψ ϕ then δ(T, ψ) = l p δ(T, ϕ). Proof. For the proof, we proceed as in [3] . Since δ(T, λϕ) = λ p δ(T, ϕ), ∀λ > 0, it is sufficient to prove the inequality for l = 1. For ε > 0, R > 0 and M > 0 fixed, we put
For m large enough, w m = ψ M on the ball B(0, 2R). On the other hand, by hypotheses we can find R ′ > 2R, such that w m = (1 + ε)ϕ − m on {|x| > R ′ }. Let φ be a smooth function on R n such that 0 φ 1 and φ = 1 onB(0, R ′ ). Then,
As the support of dd # φ is included in the set {|x| > R ′ }, where w m = (1 + ε)ϕ − m, the last integral is equals to (1 + ε) p
Moreover, the sequence ψ M is convex decreasing to ψ, so according to proposition 2 we have
The proof is finished by letting ε → 0 then R → +∞.
We close this section with the following proposition, which is a version of the semi-continuity result due to Demailly [5] .
Proposition 7.
(1) Let {T k } k be a sequence of closed positive currents of bidimension (p, p) on R n × R n converges weakly to T . Then, for all ϕ a convex and exhaustive function on
(2) Let T be a closed positive currents of bidimension (p, p) on R n × R n . Then, for all {ϕ k } k a sequence of convex and exhaustive functions on Supp T converges simply to ϕ, we have
Proof.
(1) For ε > 0 and R > 0 fixed, let {ϕ m } m be a sequence of convex and smooth functions converges to ϕ such that ϕ ϕ m < ϕ + 1 m on {R − ε ϕ R + ε}, and we put
, where B(R) = {x ∈ R n ; ϕ(x) < R}. It is clear that the definition is coherent and ψ m is convex. We take a C ∞ function χ ε such that 0 χ ε 1, χ ε = 1 on B(R − ε) and with support in
we have
Since χ ε (dd # ϕ m ) p is smooth and with compact support and T k converges weakly to T , we obtain lim inf
In virtue of proposition 2, we get
The proof of (1) is finished by letting ε → 0 and R → +∞ in this order.
(2) For R > 0 and ε > 0 fixed, let χ ε be a smooth function such that 0 χ ε 1, χ ε = 1 on B(R − ε) and with support in B(R). Then,
By using proposition 2, it follows that lim inf
The proof of (2) is finished by letting ε → 0 and R → +∞ in this order.
Direct image of positive closed supercurrents
Let f : R n → R m be an affine function. Thanks to [8] , the function f extends to a unique affine applicationf : R n × R n → R m × R m such thatf • J = J •f . If T a current of bidimension (p, p) on R n × R n and f proper on Supp T , so the direct image of T by f is a current of bidimension (p, p) on R m × R m noted f * T and defined by (6.1)
The definition is make sense, because Supp T ∩f −1 (Supp α) is a compact. According to Lagerberg [8] , if T is weakly positive, then f * T is also weakly positive.
Proposition 8. Let π be the projection of R n on R n−k . Let T be a positive closed current of bidimension (p, p) on R n × R n and of finite degree, then π * T is a positive closed current of bidimension (p, p) on R n−k × R n−k and of finite degree. If p + k > n then π * T = 0.
This result is the same as proposition 4.6 in [8] . Note here that the proof of [8] is not completed. Indeed, the choose of the function φ I as well as the calculation of dd # ψ R (|x|) is not exact. For the convenient of the readers, we present here a complete proof by following the same technics used by [8] . This implies that π * T is positive. Next, we are going to show that π * T is closed. Since T is closed, for α ∈ D p−1,p (R n−k × R n−k ), we have
Therefore, it suffices to prove that lim R→∞ dχ R ∧ T, π * α = 0. We define the following bilinear form :
We have (v, v) 0 because T is positive, and thus the bilinear form is positive. Using the Cauchy-Schwarz inequality we obtain (6.2) (v, w) ε(v, v) + ε −1 (w, w), ∀ε > 0.
We define, for all R > 0, the following function :
if t ∈ [0, R[ Let v ∈ D p−1,0 (R n−k × R n−k ) and w ∈ D 0,p (R n−k × R n−k ) both smooth. Then we have
and by (6.2) this last quantity is bounded by
Here the form π * w will not have compact support on R n , so the first term A has no meaning. We then replace π * w by χ 3R π * w wich has compact support on R n and this will not affect (6.4) since χ 3R = 1 on Supp(dχ R ). Thanks to [8] , it is clear that the first term A is bounded by εC w . For the second term B, we will show that the trace measure of the positive current T ∧ dχ R ∧ J(dχ R ) tends to 0 as R → ∞. Indeed, for each multi-index I of the length p, we can find a function φ I ∈ L such that (dd # φ I ) p = (dd Thus, since T ∧ dχ R ∧ J(dχ R ) is a positive current, we have
By (6.3), the last integral is bounded by 
